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The article contains a syntactic characterrsation of the definable closed subsets of 
aftine space over a p-adically closed field, thus giving the p-adic analogue of the 
“finiteness theorem” of semi-algebraic geometry. It also contains an axiomatisation 
of the subfields of a p-adically closed field, given in a Ianguage for which there is 
quantifier elimination. This theory is stronger than the theory ofp-valued fields and 
is more closely analogous to the theory of ordered fields. ‘c 1987 Academic Press, Inc 
INTRODUCTION 
One of the attractions, for the logician, of the theory of p-adically 
closed fields has always been its strong model-theoretic resemblance to the 
theory of real-closed fields. This correspondence has enabled many 
mathematicians to “translate” results and proofs about real-closed fields 
into theorems about p-adically closed fields. The process is, however, non- 
trivial; although the deep structure of the proofs may remain the same, the 
details are often very different. A good example of this can be seen in 
Artin’s solution of Hilbert’s 17th Problem, and the analogous result for the 
p-adic numbers: Kochen’s characterisation of the integral-definite rational 
functions. It is not, however, our purpose in this paper to try to explain 
these analogies-it is instead to present two results which extend them. The 
first of these is a characterisation of the definable closed subsets of I?, 
where K is a p-adically closed field, providing a p-adic analogue of the so- 
called “finiteness theorem” of semi-algebraic geometry. The second is the 
presentation of a p-adic analogue for the theory of ordered fields, the 
theory of p-adic fields. 
Our results, however, suggest hat the conventional view of the analogy 
between real-closed and p-adically closed fields is in some need of 
* Now at the Department of Pure Mathematics and Mathematical Statistics, Umversity of 
Cambridge, 16 Mill Lane, Cambridge CB2 ISB, England. 
158 
0021-8693/87 $3.00 
Copynght 0 1987 by Academic Press, Inc 
All nghts of reproductmn m any form reserved 
GEOMETRIC THEORY OF p-ADIC FIELDS 159 
modification. The conventional philosophy seems to be that the valuation 
on a p-adically closed field gives a structure very similar to the order on a 
real-closed field. In the results presented here, however, the valuation plays 
a quite incidental role; other sets, the collections of nth powers, present 
themselves instead as the natural p-adic analogues of the half-line. 
Using the Hensel-Rychlik lemma, it is easy to show that for any natural 
number n, the set of invertible nth powers in a p-adically closed field is 
open in the valuation topology and that its closure is simply the set of all 
nth powers (in other words, the set of invertible nth powers plus 0). This 
may show that there is a rather crude resemblance between these sets and 
the open and closed half-lines, but in Theorems 1.2 and 1.3 we put more 
meat on the analogy. Theorem 1.2 says that any definable closed subset of 
n-space over a p-adically closed field is a finite union of finite intersections 
of sets of the form 
{xlp(x) is an nth power}, 
where p is some polynomial. Theorem 1.3 is simply the analogous results 
for definable opens and invertible nth powers. We note that the “finiteness 
theorem” for real closed fields is obtained simply by substituting “is in the 
positive half-line” for “is an nth power.” 
Angus Macintyre has shown [2] that the theory of p-adically closed 
fields has quantifier elimination in the language of ring theory with extra 
predicates for nth powers. It follows that we can write an axiomatisation of 
the theory of the subfields of a p-adically closed field in this language, and 
that the theory of p-adically closed fields will then be the model-completion 
of this theory. This is the purpose of Section 2. A result similar to that 
given in Section 2 has also recently, and independently, been obtained by 
Luc Belair, a student of Angus Macintyre’s El]. We believe that the 
axiomatisation given here is superior to Belair’s in that it uses the openness 
of the sets of invertible nth powers rather than an increasing series of 
coherence conditions. 
Finally, in Section 3, we discuss the extension of our results to the local 
completions of finite algebraic extensions of Q. Prestel and Roquette have 
shown in their book [3] that these fields have many model-theoretic 
properties in common with those p-adically closed fields which are charac- 
terised as being unramitied and having residue fields isomorphic to Fp, and 
which we have been studying in Sections 1 and 2. For the reader unfamiliar 
with the notion of p-adically closed fields, Prestel and Roquette’s book is 
an excellent reference, and certainly contains all the background material 
necessary for this article. 
48l.l10,1-II 
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1. DEFINABLE SUBSETS OFP-ADICALLY CLOSED FIELDS 
In 1976 Angus Macintyre published the first paper in which the problem 
of studying p-adically closed fields as a one-type theory was taken 
seriously. In this paper [2], he showed that even if we abandon all the 
apparatus of value-groups, cross-sections to the valuation homomorphism, 
and the like, we can still prove the geometrical results of the constructible 
subsets of the field. In fact the results he obtained were better-the subsets 
he had to consider were fewer in number and more closely related to the 
valuation topology. 
Consider the following three families of subsets of K”, where K is a 
p-adically closed field: 
(I) sets of the form (x 1 q(x) = O> for some q E K[X]; 
(11) (x I (q(x), r(x))>, where 4, r E K[X], and where jI is defined by 
Ax, u) iff 4x1 G KY); 
(IILl) We7MX))~~ 4Ema and where the predicate P, is also 
defined in terms of the field structure-P,(x) iff 3y ’ y” = x. 
The main result of Macintyre’s paper is that the first-order theory of 
p-adically closed fields has quantifier elimination when written in the 
language of ring theory with these extra predicates, /I and P,. Put 
geometrically, this result says that if U is a subset of K” which is first-order 
definable in terms of the field structure on K (and since the predicates /I 
and P, are themselves o definable, this collection includes all the sets 
definable in terms of the valuation and the Presberger-delinable subsets of 
the value group), then U can be expressed as a boolean combination of sets 
of types I, II, and III. 
In fact, however, a slightly stronger result is true; it is known that it is 
sufficient to take the sets of type III independently; for we have 
(I) q(x) = 0 iff P,(q(x)) A P,(p . q(x)), since p is not a square in Q,; 
(II) if p f2, then v(x)<v(y) iff P,(x2+py2), whereas for p=2, we 
can use P,(x3 + 2~~); 
in both cases this follows from a simple Hensel’s lemma argument. 
We shall make use of this fact to be somewhat cavalier about the precise 
details of the language we are using. Generally we will formulate our results 
in a language which does not contain the predicate /I, but since it is always 
useful to have the valuation explicitly, we will tend to prove them as if we 
were using Macintyre’s original language. No real difficulties, however, 
arise from this. 
We shall also sometimes find it convenient to use a slightly adapted ver- 
sion of Macintyre’s language; we replace the predicate /? by a predicate r, 
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whose extent is defined to be the set of pairs (x, y) satisfying /3 for which x 
is non-zero, and we substitute for the P, a new family of predicates R, giv- 
ing the non-zero nth powers of the field. The theory of p-adically closed 
fields still, of course, has quantifier elimination in this adapted language. 
Note also that the predicate r is definable in terms of R2 (or R3), just as p 
was from P, (or P3). In fact, the analogous expressions work. The main dif- 
ference between the two languages is topological; the sets represented by r 
and R, are open, whereas those corresponding to /I and P, are closed. This 
is easy to see in the case of the two valuation predicates ,8 and r, while the 
fact that each of the R,, is open follows straight from the Hensel-Rychlik 
lemma: 
LEMMA 1.1. Suppose that k is a p-adically closed field, and that x E K is 
an invertible nth power. Suppose further that y sati.sfies v(y -x) > 
2. v(n) -t- v(x), then y is also in R,l. 
In other words, not only is R,, open, but if we are given a point x in R,, 
then we can find a basic open neighbourhood of x contained in R,,, whose 
diameter depends uniformly on the valuation of x. 
Now, given any non-zero x in K, then for some integer i, 0 d i < II - 1, 
v(p’x) is divisible by n in the valuation group of K. Furthermore, if 
we write B(z, a) for the basic a-neighbourhood of 3’ (I’ E Kl v(y - z) z af , 
then the family B(Ap’x, 2v(n) + v(x) + i+ 1) as A ranges over 
i~~~ZIO<j~<p~r(‘l~+‘, p] A) covers {YE Klu(y)= v(x)+if- (in fact dis- 
jointly) with cells of diameter 2v(n) + v(x) + i + 1. It now follows from the 
lemma above that for this i, and for some L, K + R,(Ap’x). 
This analysis is sufficient o show us that the sets P,, are closed, for if we 
look at the reasoning above, we see that we can write the complement of 
P,, as a union, in fact as a finite union, of copies of R,,: 
K-P,,=U (xlR,(Ax))u u {xl(Ap’x)j. 
A *1’ 
where A= (REZ\O<A<~~“(“)+~, p j i, A is not an nth power in Q,>, and 
A’= ((L, i)/O<i<n, 0<lb<p2”(n)+1, pkn). 
There is a surprising converse to this: the sets P,, suffice to give all the 
definable closed subsets of K”. This is one of the two major results of this 
section, the other being the characterisation of open sets which we get as a, 
not quite immediate, corollary. The rest of the section is devoted to these 
two results. 
THEOREM 1.2. If F is a definable closed subset of IT, then F can be writ- 
ten as a positive combination (i.e., union of intersections) of sets of type III. 
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We can define a collection of open subsets of K” by analogy with the sets 
of type III, we say: U is of type 111; iff U is of the form 
for some qEK[X]. 
We have just seen that the complement of a set of type III can be 
expressed as a finite union of sets of type III’; conversely, by similar 
reasoning, each set of type III’ can be written as the complement of a finite 
union of sets of type III. This yields the following characterisation of 
definable open subsets as an immediate corollary of Theorem 1.2. 
THEOREM 1.3. If U is an open definable subset of K”, then U can be given 
as a positive combination of sets of type III’. 
Our proof of Theorem 1.2 is adapted from that given in van den 
Dries [S] of the analogous result for the reals. 
Proof We use the model-theoretic lemma given by van den Dries in his 
paper: 
LEMMA 1.4 (van den Dries [S]). Let T be a first-order theory, and $(x) 
a formula in the language of T. Suppose that $Y has the following property: 
given any model L of T, and any c EL” such that L + $(c), if A is any sub- 
structure of L such that A” contains c, and f: A --f A4 is a homomorphism 
from A into some other model of T, then A4 /= $(f(c)). Then $ is equivalent 
in T to some positive quantifier-free formula cp. 
The lemma follows from more or less standard model-theoretic 
arguments. 
Given the lemma above, we take T to be the theory of p-adically closed 
extensions of K, that is T = Diag(K) u (theory of p-adically closed fields). 
We also assume that T is written in the language of ring theory together 
with the additional predicates P,. 
Suppose now that F is a definable closed subset of K” given by a formula 
$(x) in 9(T). Then, using van den Dries’ result, the theorem follows 
immediately if we can show that given 
K-A-L 
where L and M are p-adically closed fields, and given any c in A” such that 
L F Ii/(c), then ~4 I= $(f(c)). 
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Localising if necessary at the kernel off, we shall assume that A is local. 
Now set A’= (XE Lj 3y EA./Q, x)>. In other words A’ contains all the 
elements of L whose value is greater than that of some element of A, and 
hence in particular includes the entire ring of integers of L. A’ is a 
valuation ring of L, and is therefore local. Its residue field, M’ say, is 
naturally a p-valued field valued in a convex subgroup of the value group 
of L. Furthermore, its ring of integers is a homomorphic image of the ring 
of integers of L, and hence is henselian. This suffices to show that M’ is a 
p-adically closed field. 
Suppose that some non-invertible element a of A becomes invertible in 
A’, then by definition of A’ there is an a E A such that L l= /?(a, a-‘), which 
also, therefore, holds in A. This contradicts the fact that aa is in the 
maximal ideal of A. Hence the inclusion of A in A’ is local, and so extends 
to an inclusion of the residue field M* of A into M’, the residue field of A’. 
We now have a diagram 








We first show that M’ /= $(g(c)). 
Let L’ be a maximal subfield of A’, containing K. Clearly, L’ is henselian, 
valued in the value group of M’, and hence p-adically closed and mapping 
isomorphically onto M’. 
Now, it may well happen that c $ L’“, but certainly there is some d, 
necessarily unique, in L’” mapping onto g(c). For this d we have 
g(d - c) = 0, and so the valuation of each component of d - c is infinite as 
compared with the valuation group of L’ (or equivalently, M’). Intuitively, 
as far as L’ is concerned, the point d is infinitely close to c. 
Suppose now, if possible, that L th G(d). 
The subset of L’” determined by 1$ is open, and so contains a basic 
open set about d. In other words, there is some h in the order group of L’, 
such that if v(x - d) > h, then L’ l== l+(x). This property can be written 
as a first-order sequent with parameters from L’, and so, by model- 
completeness, also holds for L. Hence in particular we have L /= -I@(C), a 
contradiction. 
We have now shown that L’ l= ti(d), but since g induces an isomorphism 
between L’ and M’, and since g(d) = g(c), we also have M’ + $(g(c)). 
Now, as we remarked above, Macintyre has shown that the theory of 
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p-adically closed fields has quantifier elimination in the language in which 
we are working [2]. Thus, sincef(c) E M*, a common subfield of M and of 
M’, and since $(g(c)) holds in M’, we must also have that $(f(c)) holds in 
A4, as required. This, as we remarked above, is, by Lemma 1.4, all we need 
to conclude the proof. 1 
2. AXIOMS FOR p-ADIC FIELDS 
In this section we discuss the elementary theory of the subfields of 
p-adically closed fields. We shall find it preferable to use the language of 
open sets rather than Macintyre’s original language: this is partly for 
technical reasons (a rather simpler axiomatisation emerges), but partly also 
because the use of this language fits better with the spirit of its intended 
application to the study of points on p-adic varieties. 
The theory of p-adically closed fields is model-complete, and is, 
therefore, the model-companion of its V part, whatever language we are 
currently working in. Since, however, the theory has quantifier elimination 
when written in the language of ring theory augmented by the R, 
predicates, it is the model-completion of the theory of its subfields. We get 
an alternative proof of this fact as a corollary of the proof of the 
correctness of our axiomatic characterisation of the sublields. We shall 
show that our axiom system is sufficiently strong by proving that any field 
which satisfies the axioms has a p-adic closure which is unique up to uni- 
que isomorphism. Intuitively, any subfield of a p-adically closed field is a 
p-valued field, and the R,l predicates not only determine how the value 
group of this subfield is to be embedded into a Z-group as part of the 
process of forming a p-adic closure, but they also ensure that we can 
characterise roots uniquely, thus making the whole process of forming a 
p-adic closure rigid. 
First of all, we shall simply write down all the properties we can think of 
which are true for a p-adically closed field and which hold in all sublields. 
Certainly we have: 
the field axioms, and 
the interpretation of RI: R,(x) f-, 3y.x~ = 1. 
For convenience we re-introduce the predicate r, though we shall regard 
it as simply an abbreviation: 
r(x> Y) ++ &(x2 + PY’) ifpf2 
h-, v) * &(x3 + 2~~) if p = 2. 
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Using r we can write axioms which say that we have a p-valued field: 
nx, Y) * T(Y, z) -+ m z) 
T(x, y) A r(x’, y’) -+ &x’, yy’) 
T(x, Y) A m Y’) + T(x, Y + Y1 1 
T(x, Y) -+ R,(x) 
R,(x) + m Y) v T(PY> x) 
T(P> 1)-t l- 
G, 1) v T(P, x) 
~(l,x)-,v,=o,...,p--l~(P,x--i). 
Although the R,, predicates are no longer definable in terms of the ring- 
theoretic structure of an arbitrary subfield, we can at least ensure that any 
invertible nth powers get put into R,: 
3y.y” = x A R,(x) --f R,(x). 
Any subfield will also satisfy the following axioms which involve the sets 
4, : 
M-y) * WY I--, R,(xY) 
R,(x) * R&Y) + UY 1 
R,,(x) + fLn(~“) 
R,,(x) -+ R,(x) whenever m/n 
R,(x) * R,(x) --f &m(m, n,(x) 
RI(xI+V~=O ,__. ~-IVJ.=I ,__. yl+~~(n~~ j.Rn(Q*x) 
R,(x) A I-(p’ + 2v(n’. x, y - x) -+ R,(y). 
Finally, we can fix the extents of the R, predicates on the elements of Z; 
for each M EN and each 1 E Z, we have either R,(L) or R,(A) -+ 1, 
according to whether or not I is an nth power in Q,. 
DEFINITION 2.1. We say that any field which is equipped with 
predicates (R, 1 n EN), and which satisfies the axioms above, is a p-adic 
field. 
We claim that any p-adic field can be uniquely embedded in a p-adic 
closure in such a way that the interpretations of the R, in the two fields 
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coincide. This implies that the theory of p-adically closed field is the model 
completion of the theory of p-adic fields, and provides the justification for 
our claim that the theory of p-adic fields is the p-adic analogue of the 
theory of ordered fields. 
In order to prove this, we provide a three-stage construction of 
the p-adic closure of a p-adic field. The first part of the proof is to show 
that the henselisation of a p-adic field carries a unique p-adic structure 
compatible with that on the original field. This enables us to assume that 
our original field contains the algebraic p-adic numbers, and hence, in 
particular, all p-adic roots of unity. We need this property in order to be 
able to perform the second stage, in which the valuation group of the field 
is extended to a Z-group. Finally, we again take a henselisation, yielding a 
henselian p-adic field, valued in a Z-group, or in other words, a p-adically 
closed field. 
PROPOSITION 2.2. Given any p-adic field K, the henselisation KH of K 
carries a unique structure of p-adic field compatible with that on K. 
Prooj We remark that KH is an unramilied henselian valued field, and 
that its valuation is therefore unique, since, by the Hensel-Rychlik 
property, its valuation ring is precisely the set of values of the Kochen 
y-function. Furthermore, it is provable from the axioms we have given that 
if y/x is a value of the y-function, then f(x, y) holds. Hence there is a 
unique extension of the r-predicate to the henselisation which is com- 
patible with the r-predicate on K. What is more, this extension 
corresponds to the unique valuation on KH. 
We must also show that the R, predicates extend uniquely to Kn. If K 
were dense in KH, then this would follow immediately from the fact that 
the set of invertible nth powers is open in KH. However, if the value group 
of K is strictly larger than Z, then the field may well not be dense in 
its henselisation. We must instead make do with the somewhat weaker 
condition provided by Lemma 2.3. 
LEMMA 2.3. Given a discrete valued field k, with henselisation kH, then 
for all alkk, and for all ;1 E Z, 
{xEkIv(x--)>jlfv(u)} 
is non-empty. 
ProojI The henselisation is an immediate extension of k, and so we 
can certainly find a E k of the same order as a. Multiplying by a 1 we see 
that it is sufficient to prove the lemma in the case v(g(a))=O. But then 
we can write a=p+pfi, where v(/?)>A, and ,uEZ, and thus 
pE {xEkIv(x-a)>A.} as required. 1 
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It follows from this lemma that for any element a of KH, there is some 
UEK such that ~(a-a)> 1 -t2.u(n)+ v(a). We define R, on KH by 
KH k R,,(a) if and only if K b R,(a). The axiom on the definable openness 
of the sets R, shows that this definition is independent of the choice of the 
particular representative a, and the non-archimedean nature of the 
valuation on the field quickly yields a verification of the remaining axioms 
for p-adic fields, including the fact that the predicate r is definable from 
either R, or R,, depending on the value of p. 1 
From now on we shall assume that K contains all p-adic roots of unity. 
Stage two of the construction is to extend the value group of K to a 
Z-group. This takes a transfinite iteration. At limit stages, we, as usual, 
simply take the union of the previous stages. At each successor stage p + 1, 
we pick some a E K,,, such that for some prime q which does not divide the 
value of a in the value group of Kk,, K,, /= R,(a). We then set 
K ic+ l = K,,(u”~). Proposition 2.4 shows that this process is well defined, 
and it is clear that after at most [Kl+ stages it terminates in a p-adic field 
valued in a Z-group. 
PROPOSITION 2.4. Suppose that K is a p-adic field containing all p-adic 
roots of unity. Suppose further that a E K, K + R,(a) for some prime q, and 
that q does not divide the valuation of a in the value group of K. Then K(n”Y) 
carries the structure of a p-adic field, unique up to unique K-automorphism, 
compatible with that on K. 
Proof Again, the extension of the valuation predicate is unique. In this 
case this follows from the fact that any element of K(a’lY) can be written 
uniquely as C;:d n, . arly, where each a, is in K. Since q does not divide the 
order of a in the value group of K, the orders of the a,. arly in any exten- 
sion of the valuation on K to a valuation on K(LI”~) must all be different. 
Therefore, the order of the element must be equal to the least of the orders 
of the a . ar’q, that is to say, it must be l/q times the least of the orders of 
a:. a’. I; is easy to check that this definition is safe: it always yields a 
valuation. 
The consideration of the extension of the R, predicates is, however, con- 
siderably more complicated. In order to show that they extend uniquely we 
must first examine in more detail the structure of the nth roots of unity in a 
p-adically closed field. 
LEMMA 2.5. (1)~ # 2. For any natural number n, the number of nth 
roots of unity in a p-adically closed field is the highest common factor of n 
andp- 1. 
(II) p = 2. The number of nth roots of unity in Q2, and hence in any 
2-adically closed field, is two if n is even, and one if n is odd. 
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Proof(both cases). Suppose that p does not divide n. We have to find 
the number of solutions of the equation X” - 1 = 0. For this we use 
Hensel’s lemma. The polynomial x” - 1 has derivative y1X’-i, which has 
order 0 at any root of unity. Thus, the number of nth roots of 1 in Q, is 
equal to the number of nth roots of unity in F,. But the multiplicative 
group of F, is cyclic of order p - 1, and this number is therefore 
hcf(n, p - 1). 
Now consider Xp - 1 = 0. Taking residues, we see that any root other 
than 1 is of the form 1 +prx, where r 3 1 and V(X) = 0. For such a root, we 
have 1 = (1 +PIx)~ = 1 +p”p’x + p”(p” - 1) P~~x’/~ + . . . . Subtracting 1 from 
both sides, and then calculating orders, we see that this is impossible unless 
p=2 and r= 1. Whenp=2, X2- 1 has, of course, the two roots 1 and -1, 
but -1 has no square roots, since any square must be congruent either to 
0 or to 1 mod 4. Hence X2” - 1 = 0 has only the two roots. m 
This result tells us exactly how many nth roots an element of a p-adically 
closed field has, if it has any. We remark that since we are assuming that K 
contains all the possible roots of unity, if we add any nth root to an 
element of K, then we add all possible nth roots. That is why we need the 
following consistency result. 
LEMMA 2.6. If K is a p-adic field containing the algebraic p-adic num- 
bers, a is an element of K, and K /= R,,(a”), then K /= V,R,(u’a), where 
(co’] i = O,..., k} are a complete set of nth roots of unity in K. 
Proof Pick 0 #A E Z such that R,(Aa). Then R,,(l”a”), and hence 
R,,,(l”). Now 1” E Z, and so K + V,R,(w-‘A). But if we have R,(o.-‘L), 
then we have R,((o-‘A)-’ -La), i.e., K b R,(w’a). g 
Now let us return to K(a”“). 
Let a be any qth root of a. Then we can write any element of K(a) uni- 
quely as Cy:d a,cr’, where each a, E K. This has value v(u,aJ) for some j, and 
we have T(;la,a’, C a$ - a,~‘) for all A. E Z. It follows that when we extend 
the R, to K(a), we can have K(a) /= R,(C a,~‘) if and only if we also have 
K(a) /= R,(aJaJ). Now, a,a’ is a qth root of a;a”. If q 1 p - 1, then qth roots 
are unique, and so by the consistency Lemma 2.6, we must have 
K(a) + R,(a,a’) if and only if K k R,(a,Ya’). 
Otherwise, 1 has a simple qth root, cc) say, and, taking the prime power 
factorisation of n, the argument splits into three cases: 
(I) If n is prime to q, then (-)” is an automorphism of the cyclic 
multiplicative group generated by o, and thus, for each i, we have R,(w’). 
Hence, again by the consistency lemma, we have R,(a,cr’) if and only if 
R,(a,Ya’). 
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(II) If n = q’, and q” + ’ 
that a,” aj acquires qs + 1 
Ip- 1, then if we have R,+l(a,4d), we know 
q ’ + ‘th roots in any p-adic closure. This is sufficient 
to force our hand; by counting we see that we must have R,(a,“&). 
(III) If y1 =q’, and qs+l 1 p - 1, then suppose that qr is the largest 
power of q that divides p - 1. Multiplying a by a suitable integer, we can 
assume that R,,+l(a). W e k now that if an element has any q’th roots at all, 
then it has qr of them, but that if it has qr + ‘th roots, then it can have only 
q’. Let us assume that a is a qth root of a satisfying RJa), Then the qr q’th 
roots of CI in a p-adic closure must be the q’ q’th roots of a. Thus no 
conjugate of CI has any q’th roots. 
Now if we have R,,,(a;a,) (where nq = qsfl), then we have R,,+r(a,Yaj), and 
hence V, R&a, CO’). Now each 09 is in K, and lR,,(o) implies that 
precisely one of these satisfies R&a,co’), which thus determines which of 
the a,o’cll is to be an nth power. 
The truth in K(a’IY) of the R, axioms for p-adic fields now follows 
trivially from their truth in K, and so we have completed the second stage 
of our construction. B 
We recall that the third stage of the construction was in effect the same 
as the first, and so we have in fact shown 
THEOREM 2.7. Any p-adic field, K, can be embedded in a p-adically 
closed field K* in such a way that the structure of the p-adic field induced on 
K from K* coincides with the original p-adic structure on K. 
COROLLARY 2.8. The theory of p-adically closed fields is the modei- 
completion of the theory of p-adic fields. 
3. RAMIFIED FIELDS AND FIELDS WITH GENERAL RESIDUE FIELD 
Up to this point we have been concerned solely with unramified 
p-adically closed fields whose residue field is isomorphic to the finite field 
on p elements. In this section, however, we consider the extension of our 
results to the more general p-adically closed fields discussed by Prestel and 
Roquette [3]. Here, a p-adically closed field is taken to be a finitely 
ramified henselian valued field, with finite residue field, and valued in a 
Z-group. Prestel and Roquette show that a field is p-adically closed if and 
only if it has no algebraic extensions of the same p-rank, where the p-rank 
is the dimension over FP of Q/p0 (as usual, 0 is the valuation ring of the 
field). 
The theory of p-adically closed fields is model-complete, at least for the 
fields of some fixed p-rank. In fact, there is even a quantitier elimination: 
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THEOREM 3.1 (Prestel and Roquette [3], Theorem 5.61). Let T be the 
first-order theory of p-adically closed jields of p-rank d, for some fixed d. 
Then T has quantifier elimination in the language of ring theory augmented 
by: 
Macintyre’s P, predicates, plus 
d additional constants which give representatives in 0 of an I;,-basis of 
OlPO. 
This form of quantifier elimination is still strong enough to give us 
Theorem 1.2. We simply observe that the language we are using contains 
the diagram of a p-adically closed field of the correct p-rank, and hence the 
constants required. Quantifier elimination is all we need for the rest of the 
proof. 
Matters are not, however, so satisfactory when we come to consider the 
theories of sublields. For a start, we have to decide precisely which family 
of fields we are going to consider sublields of and which of-their subfields 
are going to be eligible. 
First consider a p-adically closed field of p-rank d. This is elementarily 
equivalent to its subfield, k, which is the relative algebraic closure of Q, 
and which thus certainly contains a copy of Qp, the algebraic p-adic num- 
bers. It is easy to see that d, the p-rank, is equal to the product of e, the 
degree of extension of the residue fields, and i, the intitial ramification 
index. We know that any extension of hnite fields is Galois, and in fact is 
generated by roots of unity. These roots, by the henselian property, lift up 
to k. 
Let c be a simple p’th root of 1. Then the family {l,..., cp’-’ ) forms a 
family of representatives, called the Teichmuller representatives, for the 
elements of the residue field. Q?(c) . is an unramilied p-adically closed held 
of p-rank e. However, it has automorphisms generated by the 
automorphisms of GF(p’), the finite field on p’ elements, over GE(p). 
Nevertheless, up to this non-unique isomorphism, Q;‘g([) is the unique 
unramified extension of Q;‘g of p-rank e. 
Thus we can factor k: Q;‘g as k: Q;‘“(c): Qp. We have even more 
problems with the second factor than with the first; it is not even unique up 
to the non-unique isomorphism, and we do not seem to have any very 
good descriptions of the isomorphism classes of models. 
Let us change our notation slightly; suppose now that K:k is an exten- 
sion with initial index of ramification n equal to the degree of the extension, 
which thus induces an isomorphism on the residue fields. Then, clearly, K 
is generated over k by any element 5 of value 1 (in the value group of K). A 
straight calculation on values shows us that the minimal polynomial over k 
of such an element must be of the form 
X”-7c(a,X”p1+ ... +a,)=O, 
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where n is a prime element of k, each ai is integral, and the value of a, is 
zero. A polynomial of this form is called an Eisenstein polynomial and is 
always irreducible over k. Furthermore, if L is an extension of k formed by 
adding a root of an Eisenstein polynomial, then that root has value v(n)/n 
in any extension of the valuation on k to L. Thus, any Eisenstein 
polynomial gives an extension of k of degree and initial ramification index 
II, which induces an isomorphism on residue fields. Since the coefficient 
space of the Eisenstein polynomials of degree II is a definable subset of 
r+‘, it follows from the compactness theorem that there is only a finite 
number of isomorphism classes of these fields, They cannot, however, as we 
might have hoped, be classified in terms of the nth power structures they 
induce on k: for we have: 
PROPOSITION 3.2. Let K be Q3[l], where 5 is a root of the Eisenstein 
polynomial X3-3X- 3, and K’ be Q3[C], where [ is a root of X3 + 3X-t 3. 
Then K and R are non-isomorphic p-adically closed fields with initial’ 
ramification index 3 over Q3. Furthermore, the inclusion of Q3 in K (resp. 
K’) reflects nth powers,for all n, i.e., ifx E Q3 is an nth power in K (resp. K’), 
then it was already an nth power in Q3. 
Sketch of ProoJ The first part of the proposition is contained in the 
argument above. In order to show that the two fields K and K’ are not 
isomorphic, it suffices to show that no element of Q3[{] satisfies 
X3 -t- 3X+ 3 = 0, and this can be done directly. 
Suppose that as Q3 is a qth power in K for some prime q; then by 
definition there is an c( E K which is a root of X4-a =O. The minimal 
polynomial of a is of degree 3, and is also a product of certain of the linear 
factors of X4-a in an algebraic closure of K, and so has constant term 
0’01~. But since K contains no more roots of unity than Q3, w’, which is 
certainly in K, must be in Q3. Therefore a3 is also in Q3. If now, q # 3, then 
this implies that CI E Q3, as required. For the case q = 3 we can perform an 
explicit calculation to show that the cube of a general element at’ + b?j + c 
of Q3[T] is not in Q3 unless both a and b are 0. The argument for R is 
identical. Q 
This result shows, since we have two non-elementarily equivalent fields 
which both leave the nth power structure on Q3 unchanged, that the theory 
of p-adically closed fields, even those of fixed p-rank, does not have quan- 
tifier elimination in Macintyre’s language for valued fields and justifies to 
an extent the inclusion of constants denoting elements of a basis in the 
result of Prestel and Roquette. Furthermore, if we consider the field 
obtained from Q3 by adding a cube root of 3, then we see that not even the 
structure of the nth powers in 2 is fixed. This makes it very difficult to limit 
the size of the sets P, (or R,) by syntactic means. 
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These problems can perhaps be solved by considering only subfields of 
the same p-rank and attempting to axiomatise fields of only a particular 
isomorphism class. In this direction there are results of B&lair, establishing 
that a version of the p-adic spectrum is spatial. However, B&lair’s language 
includes a constant which denotes a primitive element of the field exten- 
sion. We would like to think that nothing quite this strong was really 
needed. 
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